Some Applications of a new class of Univalent Functions Defined by Subordination Property by Atshan, Waggas Galib et al.
ISSN 2347-1921                                                           
2021 | P a g e                                                        A u g u s t  1 1 ,  2 0 1 4  
 
Some Applications of a New Class of Univalent Functions Defined by 
Subordination Property 
1st Waggas Galib Atshan, 2nd Abdul Jalil M. Khalaf, 3rd Mohammed Maad Mahdi  
1st Department of Mathematics, College of Computer Science and Mathematics, University of Al-Qadisiya, 
Diwaniya – Iraq 
waggashnd@gmail.com , waggas_hnd@yahoo.com 
2nd Department of Mathematics, Faculty of Computer Science and Mathematics, University of Kufa, Najaf-
Kufa-Iraq 
abduljaleel.khalaf@uokufa.edu-iq 





In this paper, we introduce and study some applications of a new class of univalent functions defined by subordination 
property. Coefficient inequality, convex linear combinations, growth and distortion bounds, radii of starlikeness, convexity 
and close-to- convexity and Hadamard product (or convolution) are given. 
Indexing terms/Keywords: 
Univalent  function; Subordination property; Hadamard product (or convolution); neighborhood;  distortion bounds; convex 
linear combinations. 
Academic Discipline And Sub-Disciplines: 
Mathematics; Complex analysis. 
Mathematics Subject Classification: 


















Council for Innovative Research 
Peer Review Research Publishing System 
Journal: Journal of Advances in Mathematics 




ISSN 2347-1921                                                           
2022 | P a g e                                                        A u g u s t  1 1 ,  2 0 1 4  
 
 
1. INTRODUCTION   
Let  denote the class of functions of the form: 
 
which are analytic and univalent in the open unit disk .  
If  is given by  and  is given by  
 
The Hadamard product (or convolution)  of   and  is defined by 
 
We shall need the integral operator due to Jung – Kim – Srivastava, (see[7],[8],[10]). 
 
 
It can be easily verified that 
 
 
Let  denote the subclass of  consisting of functions  of the form: 
 
 which are analytic and univalent in . 
Definition 1.1 [6] 
 Let  and  be analytic in the unite disk . Then  is said to be subordinate to  , written  or , if 
there exists a Schwarz function  , which is analytic in  with  and , such that 
. Indeed it is known that  
 
In particular , if the function   is univalent in , we have the following equivalence ([8],[9]):  
 
Definition 1.2  
Let  consist of all analytic functions  in  for which 
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where   
Definition 1.3 
 For  fixed, , let  denote the class of 
functions  of the form (1.5) for which  
 
 
where   denotes subordination. 
From the definition, it follows that  if there exists a function analytic in  and satisfies 
 and for , such that  
 
This condition (1.7) is equivalent to 
 
 
Following the earlier works on neighborhoods of analytic functions by Goodman [4], Ruscheweyh [9], Darwish [3],  Miller 
and Mocanu [6] and Atshan and Kulkarni [1], but for meromorphic function studied by Atshan et al. [2] and Liu and 
Srivastava [5], we define the -neighborhood of a function   by 
 
In particular, for the identity function we have 
 
Definition1.4 
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2. COEFFICIENT INEQUALITY 
First, in the following theorem, we obtain a necessary and sufficient condition for a function   to be in the class  
. 
Theorem 2.1 




The result is sharp with the extremal function   given by  
 







ISSN 2347-1921                                                           





by hypothesis. Thus by maximum modulus Theorem,  






Since  for all, we have 
  
We  choose the value of  on the real axis so that  is real. Upon clearing the denominator of (2.3) and letting  
through real values, so we can write (2.3) as  
 
Corollary 2.1 
 Let the function  of the form (1.6) be in the class .Then  
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where the equality holds true for the function (2.2). 
Proof: The result (2.4) follows from Theorem (2.1).  
3. INCLUSION THEOREMS 
 We give some interesting properties of the class . 
Theorem 3.1 
 Let  and  . Then            
 
If and only if  
 
Proof: Let  and (3.2) hold true. Then by Theorem (2.1), we have 
 
This implies  Similarly it can be shown that   
implies  . Hence (3.2) implies . Conversely, suppose 
(3.1) holds true. Notice that a function defined by (1.6) belonging to  will belong to  
only if    
 
that is if  
 
Similarly, we can show that  
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 (3.3)and (3.4) together imply (3.2). Hence the result.  
We state some interesting deduction which follow using Theorem (2.1) and Theorem (2.2). 
Theorem 3.2 
 Let . Then  
 
Proof:  Notice that 
for  
if  , we have  
 
Thus by Theorem (2.1) it follows that .  
Theorem 3.3 
 Let . Then                              
 
Proof:  Notice that   
                                     
 
if , we have  
 
Thus by Theorem (2.1) it follows that .  
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4. GROWTH AND DISTORTION BOUNDS 
We now state the following growth and distortion inequalities for the class .  
Theorem 4.1 






The result in (4.1) and (4.2) are sharp with the extremal function 
 





 Similarly  
 
 
Combining (4.3) and (4.4) we get the result (4.1). 
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5. CONVEX LINEAR COMBINATIONS 
Now, we state a theorem of convex linear combinations of the functions in the class . 
Theorem 5.1  
Let the function  
 




Thus, we note that  is a convex set. 





Since  by (2.1), we have  
 
In view of (5.2),   if 
 
Now, we have  
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Thus .  
6. THE NEIGHBORHOOD PROPERTY 
      In the following theorem, we determine the neighborhood property for the class  . 
Theorem 6.1  
Let   and  
  
Then  
Proof: Assume that . We want to find from (1.10) that  
 
which readily implies the following coefficient inequality 
 





Using (6.2) and (6.3) , we get  
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provided that  is given by(6.1). Thus by condition (1.12)  
7. SUBORDINATION PROPERTY 
Theorem 7.1 
 For , let  and  be an arbitrary element of  such that , defined in Definition 
(1.1) , and if  
 
also if  
 
Then  . 
Proof: Since  by definition of subordination there is analytic function  such that   and 
. But  is the composition of two analytic functions in the unit disk , therefore we can expand this 
function in terms of Taylor series at origin as below  
 
where    is defined in (7.1). Hence  
 




we must prove , in other words , we show that 
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Since  for all z, we have  
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